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STABLE AND ISOPERIMETRIC REGIONS IN SOME WEIGHTED
MANIFOLDS WITH BOUNDARY
CE´SAR ROSALES
Abstract. In a Riemannian manifold with a smooth positive function that weights the associ-
ated Hausdorff measures we study stable sets, i.e., second order minima of the weighted perimeter
under variations preserving the weighted volume. By assuming local convexity of the boundary
and certain behaviour of the Bakry-E´mery-Ricci tensor we deduce rigidity properties for stable
sets by using deformations constructed from parallel vector fields tangent to the boundary. As
a consequence, we completely classify the stable sets in some Riemannian cylinders Ω× R with
product weights. Finally, we also establish uniqueness results showing that any minimizer of the
weighted perimeter for fixed weighted volume is bounded by a horizontal slice Ω× {t}.
1. Introduction
A weighted manifold is a triple (M, g, f), where (M, g) is a Riemannian manifold, possibly with
non-empty boundary ∂M , and f is a smooth positive function used to weight the Hausdorff mea-
sures associated to the Riemannian distance. In this context, the partitioning problem seeks those
sets in M minimizing the weighted perimeter for fixed weighted volume. Here we consider the
interior perimeter, so that the contribution of the boundary intersected with ∂M is not taken into
account. When the solutions to this problem exist they are called weighted isoperimetric regions
or weighted minimizers. In the study of these regions the analysis of critical points and second
order minima plays an important role. We say that a set is weighted stable if it is a critical point
with non-negative second derivative of the weighted perimeter under deformations preserving the
weighted volume and the boundary ∂M . Our aim in this work is to prove rigidity properties and
classification results for weighted stable sets in order to deduce uniqueness of weighted minimizers.
Due to the regularity of weighted isoperimetric regions, see Theorem 2.1, we can restrict to
weighted stable sets E having finite weighted perimeter and almost smooth interior boundary
∂E ∩ int(M). Moreover, by Theorem 2.2, we can suppose that the regular part Σ of the interior
boundary verifies the weighted parabolicity condition, an analytical feature that generalizes the
compactness of Σ, see Section 2.2 for precise definitions and examples. After previous work of
Bayle [6, Ch. 3] when ∂Σ = ∅, see also [42, Sect. 3], Castro and the author [13, Sect. 3] computed
the first and second variational formulas to derive basic consequences for weighted stable sets with
∂Σ 6= ∅. It follows that the weighted mean curvature Hf given in (2.6) is constant, Σ meets ∂M
orthogonally along the free boundary ∂Σ, and the weighted index form If introduced in (2.7)
satisfies If (u, u) > 0 for any function u ∈ C∞0 (Σ) such that
∫
Σ u daf = 0. This inequality involves
the second fundamental form II of ∂M and the Bakry-E´mery-Ricci tensor Ricf defined in (2.3)
in such a way that it becomes more restrictive when ∂M is locally convex (II > 0) and Ricf > 0.
Indeed, these convexity assumptions together with the weighted parabolicity of Σ lead to an ex-
tended stability inequality If (u, u) > 0, which is valid under certain integrability hypotheses for
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mean zero functions that need not vanish on Σ, see Proposition 2.7. Thus, the idea is to insert a
suitable test function into this inequality to infer interesting properties for stable sets.
In order to describe in more detail our setting and results we first recall some previous works
about the partitioning problem in weighted manifolds with locally convex boundary and Ricf > 0.
In Gauss space, which is Rn+1 with weight γc(p) := e
−c|p|2/2, c > 0, it is well known that, up to
sets of volume zero, the Euclidean half-spaces uniquely minimize the weighted perimeter for fixed
weighted volume, see Morgan [38, Thm. 18.2] and the references therein. Indeed, the half-spaces
are also the only stable sets with respect to γc, as was established in [41]. In the same paper, the
author showed that, in a Gaussian half-space or slabM , any weighted stable set is the intersection
with M of a half-space parallel or perpendicular to ∂M . From here, an area comparison between
the stable candidates allows to conclude that only those orthogonal to ∂M minimize.
In [9], Brock, Chiacchio and Mercaldo employed optimal transport to deduce that in Rn × R+
with weight f(x, t) := tm γ1(x, t), m > 0, the half-spaces perpendicular to the boundary hyper-
plane t = 0 are the unique weighted isoperimetric regions. This situation is a particular case of a
one-dimensional log-concave perturbation f(x, t) := eω(t) γc(x, t) of γc. We studied these weights
in [41] for Euclidean half-spaces and slabs Rn × (a, b), proving the same uniqueness results for
stable and isoperimetric sets as in the Gaussian setting.
More generally, it is interesting to investigate the partitioning problem for a weight f(p) :=
eω(p) γc(p), where ω is a concave function. A reason for this is a result of Caffarelli [11], see also
Kim and Milman [26], saying that the optimal transport Brenier map pushing the Gaussian prob-
ability measure forward the probability measure associated to f(p) dp is a 1-Lipschitz function. By
combining this fact with the Gaussian isoperimetric inequality, Brock, Chiacchio and Mercaldo [10]
discussed the partitioning problem for certain perturbations of γ1 that affect not just one but n
variables, inside the cylinder M := C × R where C :=
∏n
i=1(ai, bi) and −∞ 6 ai < bi 6 ∞ for
any i = 1, . . . , n. This applies in particular for perturbation terms ω(x1, . . . , xn) :=
∑n
i=1 ωi(xi)
depending on C2 concave functions ωi on (ai, bi). We stress that the gradient estimate for the
Brenier map used in [10] was obtained by means of elementary and self-contained tools.
Other relevant generalizations of the Gauss space are the shrinking gradient Ricci solitons.
These are weighted manifolds (M, g, f) for which the Bakry-E´mery-Ricci tensor verifies the equal-
ity Ricf = c g for some constant c > 0. The interest in these spaces comes from the theory of the
Ricci flow since they provide self-similar solutions that model some singularities of the flow, see [25].
From the geometric viewpoint they are weighted counterparts of the Einstein manifolds. Indeed,
for any Einstein manifold Ω of constant Ricci curvature c > 0, the product manifold Ω× Rk with
vertical weight f(x, t) := e−c|t|
2/2 is a c -shrinker. In relation to our problem, stability properties
of complete hypersurfaces with constant weighted mean curvature, finite weighted area and empty
boundary, including estimates on the index of If and characterization theorems for low indexes,
have been proved by Colding and Minicozzi [15] and by McGonagle and Ross [33] in Gauss space,
by Cheng, Mejia and Zhou [14] in Sn × R, and by Alencar and Rocha [1] in shrinkers with a
non-trivial parallel vector field. We remark that these results do not apply directly to the interior
boundary of a weighted isoperimetric region due to the possible presence of singularities in high
dimensions. We also point out that a shrinker having a non-vanishing parallel vector field is rigid,
as stated by Petersen and Wylie [40]. This means that it is isometric to a Riemannian cylinder
Ω× R with a product weight f(x, t) := eh(x) ev(t) such that Ω is a c -shrinker with respect to the
horizontal factor eh, while the vertical one ev is an affine perturbation of γc.
Motivated by all this, in this paper we focus on the analysis of weighted stable sets in a broader
context. More precisely, we consider a Riemannian cylinder M := Ω × R over a complete man-
ifold Ω, possibly with smooth locally convex boundary ∂Ω, and endowed with a product weight
f(x, t) := eh(x) ev(t) such that Rich > c > 0 on Ω and e
v is an affine perturbation of the Gaussian
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weight γc. Observe that our generalization comes not only since we allow arbitrary (smooth) cylin-
ders with non-empty boundary, but also since the condition Rich > c permits arbitrary horizontal
log-concave perturbations of a c -shrinker, i.e., weights of the form eµ(x)+ω(x) ev(t) where Ricµ = c
and ω is a concave function. In particular, any smooth convex cylinder with Gaussian weight γc
eventually perturbed by a log-concave horizontal function is included into this setting.
The weighted cylinders described above are concrete cases of a Riemannian manifold (M, g)
having a unit parallel vector field X tangent to the boundary ∂M , and endowed with a weight f
such that the Bakry-E´mery-Ricci tensor “splits with respect to X”, in the sense that Ricf (X,Y ) =
c g(X,Y ) when Y is any vector field, and Ricf (Y, Y ) > c |Y |2 when Y is orthogonal to X . Under
these more general conditions we establish in Section 3 rigidity properties for any weighted stable
set E. Indeed, in Theorem 3.3 we show that, either the vector field X is tangent to the regu-
lar part Σ of the interior boundary of E, or Σ is a totally geodesic hypersurface in (M, g) with
Ricf (N,N) = c on Σ and II(N,N) = 0 along ∂Σ. As we noticed before, we allow the presence
of a negligible singular set Σ0 in the interior boundary, so that our stability result applies for
weighted isoperimetric regions. To prove the theorem we employ the extended stability inequality
in Proposition 2.7 (ii) with the test function u := α + g(X,N), where N is the unit normal on
Σ pointing into E and α is a constant such that
∫
Σ u daf = 0. From a geometric viewpoint this
function comes from a volume-preserving variation which combines equidistant sets to E with the
one-parameter flow associated to X . After a long computation, where we use that ϕ := g(X,N)
is an eigenfunction for the stability operator Lf defined in (2.10), we infer that this deformation
strictly decreases the weighted area unless the hypersurface Σ satisfies the announced restrictions.
Next, we come back to Riemannian cylinders M := Ω × R with weights. In M the vertical
vector field ξ determines a foliation by horizontal slices Ωt := Ω × {t}. For a product weight
f(x, t) := eh(x) ev(t) these slices are totally geodesic hypersurfaces of constant weighted mean cur-
vature and meeting ∂M orthogonally. Moreover, by assuming as above that Rich > c > 0 and e
v
is an affine perturbation of γc, it follows that the associated horizontal half-spaces Ω × (−∞, t)
and Ω × (t,∞) are weighted stable sets, see Examples 2.6 and 2.10. In Section 4.1 we analyze
weighted stable sets in this situation. In Theorem 4.1 we refine the conclusions of Theorem 3.3, as
we establish that the hypersurface Σ of a weighted stable set E is always totally geodesic (even if ξ
is tangent to Σ) and satisfies the equalities Ricf (N,N) = c on Σ and II(N,N) = 0 along ∂Σ. Note
that these rigidity properties allow the existence of weighted stable sets different from horizontal
half-spaces: in a Gaussian slabM any half-space with boundary parallel to ∂M is weighted stable.
So, in order to deduce the uniqueness of horizontal half-spaces as weighted stable sets we need
further hypotheses involving the cylinder and the weight. In Corollary 4.2 we show two conditions
in this direction. As a matter of fact, the conclusions Ricf (N,N) = c and II(N,N) = 0 along ∂Σ
enforce the hypersurface Σ to be a horizontal slice if we accept that, either Rich > c on Ω, or ∂Ω
is locally strictly convex and ∂Σ 6= ∅. We remark that the hypothesis ∂Σ 6= ∅ is necessary, since
there are examples of weighted stable sets with ∂Σ = ∅ even if ∂M 6= ∅.
In Section 4.1 we also study the isoperimetric regions in our weighted cylinders. Observe that
in such a cylinder M we have Ricf > c > 0 and so, M has finite weighted volume by a result
of Morgan [37]. Thus, we can use the Le´vy-Gromov type isoperimetric inequality of Bakry and
Ledoux [4], see also Milman [35], to conclude that, up to normalization, the weighted perimeter of
a set in M is no lower than the perimeter with respect to γc of a Euclidean half-space enclosing
the same weighted volume. By combining this fact with the Gaussian isoperimetric inequality, it
is easy to prove that the horizontal half-spaces in M are always weighted minimizers. In Corol-
lary 4.4 we employ our stability analysis to infer restrictions for arbitrary minimizers and criteria
for horizontal half-spaces to be the only weighted isoperimetric regions. In Appendix A we pro-
vide a self-contained proof of the isoperimetric property of horizontal half-spaces. The argument
is mainly based on the second variation formula and also allows to deduce Corollary 4.4 without
having in mind deep stability consequences.
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In Section 4.2 we gather some relevant examples where our results are applied. These cover
most of the cases previously considered and new interesting situations. Sometimes we find vertical
stable candidates that must be discarded as minimizers by means of additional comparisons. This
happens in the c -shrinker given by the weighted cylinder M := Ω × R, where Ω is an Einstein
manifold of Ricci curvature c > 0, and the weight has the form f(x, t) := e−ct
2/2. In this ex-
ample, the uniqueness of horizontal half-spaces as weighted isoperimetric regions follows from the
classification of weighted stable sets in Corollary 4.3 after a geometric inequality of Maeda [31]
showing that the vertical candidates do not minimize. In a similar way, in a Euclidean half-space
or slab M endowed with an arbitrary horizontal log-concave perturbation of the Gaussian weight,
we rule out half-spaces parallel to ∂M as minimizers by taking into account the Heintze-Karcher
type inequality proved by Morgan [37].
We finish this introduction by pointing out that many of our results still hold, with suitable
modifications, when the horizontal weight eh verifies Rich > 0 and the vertical one e
v is a log-
linear function. However, this requires the further hypothesis
∫
Σ
g(ξ,N) daf 6= 0, which is very
restrictive. A detailed discussion is found in Section 4.3.
The paper contains four sections. In Section 2 we introduce the notation and review prelimi-
nary facts about weighted cylinders, isoperimetric regions and stable sets. In Section 3 we prove
our main stability result for manifolds with locally convex boundary and certain behaviour of the
Bakry-E´mery-Ricci tensor with respect to a parallel vector field. The fourth section is devoted to
our rigidity properties and uniqueness criteria for stable sets and minimizers in weighted cylinders.
2. Preliminaries
In this section we introduce the notation and state some results for weighted Riemannian cylin-
ders, isoperimetric regions and stable sets that will be useful throughout this work. We begin with
some generalities about manifolds with weights.
A weighted manifold is a triple (M, g, f), where (M, g) is a smooth complete Riemannian man-
ifold of dimension n + 1, possibly with non-empty smooth boundary ∂M , and f ∈ C∞(M) with
f > 0 onM . We denote by int(M) the setM \∂M . The notations
〈
· , ·
〉
and | · | refer to the scalar
product and the associated norm for tangent vectors in M .
The function f is used to weight the Hausdorff measures associated to the Riemannian distance.
In particular, for any Borel set E ⊆ M , the weighted volume and the interior weighted area of E
are defined by
Vf (E) :=
∫
E
dvf , Af (E) :=
∫
E∩int(M)
daf ,
where dvf := f dv and daf := f da are the weighted elements of volume and area, respectively.
Note that E ∩ ∂M does not contribute to Af (E).
By following the approach of Caccioppoli and De Giorgi, the interior weighted perimeter of a
Borel set E ⊆M is introduced by equality
Pf (E) := sup
{∫
E
divf X dvf ; |X | 6 1
}
,
where X ranges over smooth vector fields with compact support on int(M). The integrand at the
right hand side of the equation is the weighted divergence given by
(2.1) divf X := divX +
〈
∇ψ,X
〉
.
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Here div is the divergence in (M, g) and ∇ψ stands for the Riemannian gradient of ψ := log(f).
The divergence theorem in (M, g) and the identity divf X dvf = div(fX) dv imply
(2.2) Pf (E) = Af
(
∂E ∩ int(M)
)
,
for any open set E in M such that ∂E ∩ int(M) is a smooth hypersurface. By a set of finite
weighted perimeter in M we mean a Borel set E ⊆M such that Pf (E) is finite. As the perimeter
does not change by sets of volume zero we can suppose that 0 < Vf (E ∩B) < Vf (B) for any open
metric ball B centered at ∂E ∩ int(M), see [18, Prop. 3.1].
In (M, g, f) there are weighted notions of curvature involving the Riemannian curvatures and
the derivatives of the function ψ := log(f). Here we will only consider the Bakry-E´mery-Ricci
tensor, first introduced by Lichnerowicz [29, 30] and later generalized by Bakry and E´mery [3] in
the framework of diffusion generators. This is given by
(2.3) Ricf := Ric−∇
2ψ,
where Ric and ∇2 denote, respectively, the Ricci tensor and the Hessian operator in (M, g). The
Ricci tensor is the 2-tensor Ric(w1, w2) := trace(u 7→ R(w1, u)w2), where R is the curvature tensor
in (M, g) as defined in [16, Sect. 4.2]. For a point p ∈M , the Bakry-E´mery-Ricci curvature in the
direction of a unit vector w ∈ TpM is the number (Ricf )p(w,w). If this is always greater than or
equal to a constant c ∈ R, then we write Ricf > c.
If the equality Ricf = c g is satisfied for some c ∈ R, then (M, g, f) is said to be a c-gradient
Ricci soliton. The soliton is a shrinker (resp. an expander) when c > 0 (resp. c < 0). A steady
soliton is one for which Ricf = 0. This terminology comes from the theory of the Ricci flow, in
relation to the study of its singularities. It is clear that an Einstein manifold of constant Ricci
curvature c is a gradient Ricci soliton with respect to constant weights. Another example is the
c-Gaussian soliton, which is Euclidean space Rn+1 with the radial weight γc(p) := e
−c|p|2/2.
In the sequel, we will denote by C∞0 (M) the space of smooth functions with compact support
in M (possibly non-vanishing along ∂M), by L1(M,dvf ) the space of integrable functions with re-
spect to the measure dvf , and by H
1(M,dvf ) the weighted Sobolev space of functions u :M → R
such that u2 ∈ L1(M,dvf ) and u has a distributional gradient ∇u with |∇u|2 ∈ L1(M,dvf ).
2.1. Weighted cylinders.
For a complete n-dimensional Riemannian manifold Ω, possibly with boundary ∂Ω, the Rie-
mannian cylinder over Ω is the Riemannian manifold (M, g), where M := Ω × R and g is the
product of the Riemannian metric in Ω with the standard metric in R. The reader is referred to
[39, Ch. 7] for geometric properties of Riemannian cylinders and general warped products.
The vertical vector field ξ in M is the one that assigns to any point p = (x, t) ∈M the tangent
vector ξ(p) := (0, 1) ∈ TxΩ×R. This is a unit parallel vector field which is tangent to ∂M = ∂Ω×R.
The isometries in the one-parameter group associated to ξ are called vertical translations. We say
that a submanifold Σ inM is vertical if ξ is tangent to Σ. The vector field ξ determines a foliation
of M by horizontal slices Ωt := Ω× {t}, t ∈ R, for which ξ is a unit normal vector. Hence Ωt is a
totally geodesic hypersurface in M meeting orthogonally ∂M along ∂Ωt = ∂Ω× {t}. The (open)
horizontal half-spaces determined by Ωt are the sets Ω× (−∞, t) and Ω× (t,∞).
Suppose that there is a smooth unit normal vector field along ∂Ω. Then, we can use the vertical
translations to extend it to a smooth unit normal along ∂M . In this case, we denote by II the
second fundamental form of ∂M with respect to the inner unit normal. It is clear that II(ξ, ξ) = 0
along ∂M . Observe also that ∂M is locally convex, i.e. II > 0, if and only if ∂Ω is locally convex.
The most natural weights to consider in a Riemannian cylinderM = Ω×R are product weights.
These are defined as f(x, t) := eh(x) ev(t) for some functions h ∈ C∞(Ω) and v ∈ C∞(R). In partic-
ular, Ω and R become weighted manifolds with respect to the horizontal and vertical components
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of the weight. For later use we note that, for any point p = (x, t) ∈ M , and any pair of vectors
w1, w2 ∈ TpM , the Bakry-E´mery-Ricci tensor satisfies
(2.4) (Ricf )p(w1, w2) = (Rich)x
(
(w1)∗, (w2)∗
)
− v′′(t)
〈
ξ(p), w1
〉 〈
ξ(p), w2
〉
,
where (wi)∗ ∈ TxΩ is the horizontal projection of wi and Rich stands for the Bakry-E´mery-Ricci
tensor in Ω with respect to the weight eh.
As a consequence of (2.4), if Ω is a c-gradient Ricci soliton with respect to a weight eh, then
Ω× R is a c-gradient Ricci soliton for the product weight f(x, t) := eh(x) e−ct
2/2. The converse is
true by a result of Petersen and Wylie [40, Lem. 2.1]: a weight f on Ω×R defines a c-gradient Ricci
soliton if and only if f is a product weight such that the resulting horizontal and vertical weighted
manifolds are also c-gradient Ricci solitons. A relevant case is the weighted cylinder Ω×R, where
Ω is an Einstein manifold of constant Ricci curvature RicΩ equal to c and f(x, t) := e
−ct2/2.
2.2. Isoperimetric regions.
The partitioning problem in a weighted manifold (M, g, f) studies those sets in M that mini-
mize the weighted perimeter for fixed weighted volume. A weighted isoperimetric region or weighted
minimizer of volume w ∈ (0, Vf (M)) is a set of finite weighted perimeter E ⊂M with Vf (E) = w
and such that Pf (E) 6 Pf (E
′), for any other set E′ ⊂M with Vf (E′) = w.
In our context, where the weight f is smooth and positive in M , the regularity properties of
weighted minimizers are the same as in the unweighted case. In the Euclidean setting, the interior
regularity was obtained by Gonzalez, Massari and Tamanini [19], while Gru¨ter [24] proved the reg-
ularity along the free boundary. The reader is referred to Morgan [36, Sect. 3.10] and Milman [35,
Sects. 2.2, 2.3] for the corresponding extensions to Riemannian manifolds with or without weights.
We gather their results in the next statement.
Theorem 2.1. Let E be a weighted isoperimetric region in a weighted manifold (M, g, f) of di-
mension n + 1. Then, the interior boundary ∂E ∩ int(M) is a disjoint union Σ ∪ Σ0, where Σ
is a smooth embedded hypersurface, possibly with boundary ∂Σ = Σ ∩ ∂M , and Σ0 is a closed
set of singularities with Hausdorff dimension less than or equal to n − 7. Moreover, at any point
p ∈ Σ0, there is a closed area-minimizing tangent cone Cp ⊂ TpM different from a hyperplane or
a half-hyperplane. In particular, the squared norm |σ|2 of the second fundamental form of Σ tends
to ∞ when we approach p from Σ.
Observe that neither the weighted minimizers nor their interior boundaries need to be bounded.
For example, in c -Gaussian solitons with c > 0 any weighted isoperimetric region coincides, up to
a set of volume zero, with a half-space [38, Ch. 18]. However, for bounded weights, any minimizer
satisfies an analytical generalization of compactness: the parabolicity of its interior boundary.
The parabolicity of a Riemannian manifold is characterized by the fact that compact subsets
have vanishing capacities, see for instance [20, Sect. 5]. By following this approach, we say that a
smooth hypersurface Σ of a weighted manifold (M, g, f) is weighted parabolic or has null weighted
capacity if Capf (K) = 0 for any compact set K ⊆ Σ. Here Capf (K) is the weighted capacity of K
defined as in Grigor’yan and Masamune [22, Sect. 2] by
Capf (K) := inf
{∫
Σ
|∇Σu|
2 daf ; u ∈ C
∞
0 (Σ), 0 6 u 6 1, u = 1 in K
}
,
where ∇Σu denotes the Riemannian gradient of u in Σ. From this definition it is easy to see, by
taking a countable exhaustion of Σ by relatively compact subsets, that Σ is weighted parabolic if
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and only if there is a sequence {ϕk}k∈N ⊂ C∞0 (Σ) with ϕk 6= 0 and such that
(2.5)


• 0 6 ϕk 6 1 for any k ∈ N,
• given a compact set K ⊆ Σ, there is k0 ∈ N such that ϕk = 1 on K for any k > k0,
• limk→∞
∫
Σ
|∇Σϕk|2 daf = 0.
It is clear that a compact hypersurface Σ is weighted parabolic. The converse is not true, and
there are criteria ensuring parabolicity of non-compact hypersurfaces under additional conditions
like growth properties of the weighted area, see Grigor’yan [21, Sect. 9.1]. In particular, any
complete hypersurface Σ in M with Af (Σ) <∞ is weighted parabolic.
If E is a weighted minimizer in (M, g, f) with Σ0 = ∅, then we know from Theorem 2.1 that the
regular part Σ of ∂E ∩ int(M) is a closed subset of M with Af (Σ) < ∞ and so, it is a weighted
parabolic hypersurface. In the general case we have the following statement.
Theorem 2.2. If E is a weighted isoperimetric region in a weighted manifold (M, g, f), and f is
bounded on E, then the regular part Σ of the interior boundary ∂E ∩ int(M) is a weighted parabolic
hypersurface.
The proof relies on the construction of a sequence {ϕk}k∈N as in (2.5). This requires perimeter es-
timates of E inside metric balls and the fact derived from Theorem 2.1 that the (n−2)-dimensional
Hausdorff measure of the singular set Σ0 vanishes. The result was obtained by Sternberg and Zum-
brun [43, Lem. 2.4] whenM is a Euclidean bounded set with constant weight. The reader is referred
to Bayle [7, Prop. 2.5] for the case of unweighted compact manifolds. The extension to arbitrary
manifolds with bounded weights follows from Bayle [6, p. 125] and the author [41, Thm. 3.6].
2.3. Stability.
We introduce stable sets as second order minima of the interior perimeter under volume-
preserving deformations. These provide the most natural candidates to be isoperimetric regions.
Motivated by Theorem 2.1 we will consider sets with almost smooth interior boundaries.
Let (M, g, f) be a weighted manifold of dimension n+ 1. We take an open set E ⊂ M , whose
interior boundary verifies ∂E ∩ int(M) = Σ ∪ Σ0, where Σ is a smooth embedded hypersurface
and Σ0 is a closed set of singularities with Af (Σ0) = 0. In case Σ has non-empty boundary we
suppose that ∂Σ = Σ ∩ ∂M . We denote by N the unit normal on Σ pointing into E, and by ν
the conormal vector of ∂Σ, i.e., the inner unit normal along ∂Σ in Σ. The fact that E has almost
smooth interior boundary implies equality (2.2), see [32, Ex. 12.7].
Let X be a smooth vector field with compact support onM and tangent along ∂M . The associ-
ated variation of E is the family Es := φs(E), where {φs}s∈R is the one-parameter flow of X . The
variation is volume-preserving if the volume functional Vf (s) := Vf (Es) is constant for any s small
enough. We say that E is weighted stationary if the perimeter functional Pf (s) := Pf (Es) satisfies
P ′f (0) = 0 for any volume-preserving variation. If, in addition, P
′′
f (0) > 0 for any volume-preserving
variation, then we say that E is weighted stable.
Observe that Σs := φs(Σ) is a smooth hypersurface with ∂Σs = Σs ∩ ∂M and Af (Σs) = Pf (s).
Hence, if E is weighted stable, then Σ is an f -stable hypersurface, i.e., a second order minimum
of the interior weighted area under volume-preserving variations. Therefore, we can deduce the
following properties, see Castro and the author [13, Sect. 3].
Lemma 2.3. In the previous conditions on the weighted manifold (M, g, f) and the set E, we have
(i) If E is weighted stationary, then Σ has constant weighted mean curvature and meets ∂M
orthogonally along ∂Σ.
(ii) If E is weighted stable, then If (u, u) > 0 for any function u ∈ C∞0 (Σ) with
∫
Σ u daf = 0.
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Moreover, if Σ0 = ∅, then the reverse statements are true.
Let us clarify some terminology and notation in the previous statement. The weighted mean
curvature of a hypersurface Σ with a smooth unit normal N is the function Hf introduced by
Gromov [23, Sect. 9.4.E], see also Bayle [6, Sect. 3.4.2], by equality
(2.6) Hf := nH −
〈
∇ψ,N
〉
,
where H is the Riemannian mean curvature of Σ with respect to N and ψ := log(f). The weighted
index form of Σ is the symmetric bilinear form on C∞0 (Σ) given by
(2.7) If (u,w) :=
∫
Σ
{〈
∇Σu,∇Σw
〉
−
(
Ricf (N,N) + |σ|
2
)
uw
}
daf −
∫
∂Σ
II(N,N)uw dlf .
Here Ricf stands for the Bakry-E´mery-Ricci tensor in (2.3), |σ|
2 is the squared norm of the second
fundamental form of Σ, the symbol II denotes the second fundamental form of ∂M with respect to
the inner normal and dlf := f dl, where dl is the (n− 1)-dimensional Hausdorff measure in (M, g).
When ∂Σ = ∅ we adopt the convention that all the integrals along ∂Σ vanish.
In the next examples we employ Lemma 2.3 to characterize the stability in a particular situa-
tion, which includes horizontal half-spaces of Riemannian cylinders with product weights. Related
results in Euclidean space were obtained by Barthe, Bianchini and Colesanti [5, Sect. 3], Doan [17,
Thm. 5.1], and Brock, Chiacchio and Mercaldo [10, Thm. 2.1].
Example 2.4. Suppose that E is a weighted stationary set such that Σ0 = ∅ and Σ is a totally
geodesic hypersurface with Ricf (N,N) = c on Σ and II(N,N) = 0 along ∂Σ. Note that
If (u, u) =
∫
Σ
{
|∇Σu|
2 − c u2
}
daf .
Therefore E is weighted stable if and only if λf (Σ) > c, where λf (Σ) is the Poincare´ constant of
Σ with respect to the weight f restricted to Σ.
Remark 2.5. The Poincare´ constant of a complete weighted manifold (M, g, f) is defined by
(2.8) λf (M) := inf
{∫
M
|∇u|2 dvf∫
M
u2 dvf
; u ∈ C∞0 (M), u 6= 0,
∫
M
u dvf = 0
}
.
An approximation argument shows that we can replace C∞0 (M) with H
1(M,dvf ) in the previous
definition when (M, g) is complete and Vf (M) <∞.
Example 2.6. Let (M, g, f) be a Riemannian cylinder Ω × R with product weight f(x, t) :=
eh(x) ev(t). It follows from (2.6) that any horizontal slice Ωt := Ω×{t} has constant weighted mean
curvature Hf = v
′(t) with respect to the unit normal N = −ξ. Thus, any lower horizontal half-
space Ω × (−∞, t) is a weighted stationary set. Note also that Ωt is totally geodesic, II(ξ, ξ) = 0
along ∂Ωt and Ricf (ξ, ξ) = −v′′(t) on Ωt by equation (2.4). From Example 2.4, and using that
λf (Ωt) coincides with the Poincare´ constant of Ω with respect to e
h, we conclude that Ω× (−∞, t)
is weighted stable if and only if λh(Ω) > −v′′(t). The same criterion characterizes the stability of
the upper horizontal half-space Ω× (t,∞).
Coming back to the weighted index form, an integration by parts formula [13, Eq. (2.7)] yields
If (u,w) = Qf (u,w), for any u,w ∈ C
∞
0 (Σ),
where
(2.9) Qf (u,w) := −
∫
Σ
uLf (w) daf −
∫
∂Σ
u
{
∂w
∂ν
+ II(N,N)w
}
dlf .
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In the previous equation ∂w/∂ν is the derivative of w in the direction of ν, and Lf is the weighted
Jacobi operator of Σ, i.e., the second order linear operator defined by
(2.10) Lf (w) := ∆Σ,fw +
(
Ricf (N,N) + |σ|
2
)
w.
Here ∆Σ,f represents the weighted Laplacian in Σ. This is related to the Riemannian Laplacian
∆Σ by means of equality
∆Σ,fw := ∆Σw +
〈
∇Σψ,∇Σw
〉
.
For later use we recall the following equality, which shows a geometric interpretation of the weighted
Jacobi operator, see [13, Eq. (3.5)]
(2.11)
(
Lf (w)
)
(p) =
d
ds
∣∣∣∣
s=0
(Hf )s(φs(p)), for any p ∈ Σ.
Here (Hf )s is the weighted mean curvature of the hypersurface Σs := φs(Σ) for the variation of E
associated to a vector field X tangent to ∂M and such that
〈
X,N
〉
= w along Σ.
Observe that the symmetry property Qf (u1, u2) = Qf (u2, u1) for u1, u2 ∈ C∞0 (Σ) is equivalent
to the identity
(2.12)
∫
Σ
{u1Lf (u2)− u2 Lf (u1)} daf =
∫
∂Σ
{
u2
∂u1
∂ν
− u1
∂u2
∂ν
}
dlf .
When Σ is a weighted parabolic hypersurface, by taking a sequence {ϕk}k∈N as in (2.5), and
using an approximation argument as in [41, Lem. 2.4] we see that equality (2.12) also holds
for any bounded functions u1, u2 ∈ C∞(Σ) ∩ H1(Σ, daf ) such that ∆Σ,fui ∈ L1(Σ, daf ) and
∂ui/∂ν ∈ L1(∂Σ, dlf ), for any i = 1, 2. Here L1(Σ, daf ), L1(∂Σ, dlf ) and H1(Σ, daf ) denote the
corresponding spaces of integrable and Sobolev functions with respect to daf and dlf .
Motivated by Theorem 2.2 we are led to consider stable sets where the regular part of the interior
boundary is a weighted parabolic hypersurface. In this situation the inequality in Lemma 2.3 (ii)
can be extended to more general functions that may not vanish on Σ0. This is done by assuming
the conditions Ricf > 0 and ∂M locally convex, under which the stability inequality becomes more
restrictive since it contains two non-positive terms. The resulting statement is the following.
Proposition 2.7. Suppose that ∂M is locally convex and the weight f satisfies Ricf > 0. If E is
a weighted stable set of finite weighted perimeter and such that Σ is weighted parabolic, then
(i) For any bounded function u ∈ H1(Σ, daf ) with
∫
Σ u daf = 0, we have
(
Ricf (N,N) +
|σ|2
)
u2 ∈ L1(Σ, daf ), II(N,N)u2 ∈ L1(∂Σ, dlf ) and
If (u, u) > 0,
where If is the weighted index form in (2.7).
(ii) For any bounded function u ∈ C∞(Σ) ∩ H1(Σ, daf ) with ∆Σ,fu ∈ L1(Σ, daf ), ∂u/∂ν ∈
L1(∂Σ, dlf ) and
∫
Σ u daf = 0, we have (Ricf (N,N) + |σ|
2)u2 ∈ L1(Σ, daf ), II(N,N)u2 ∈
L1(∂Σ, dlf ) and
Qf (u, u) > 0,
where Qf is defined in (2.9).
Moreover, in both cases Ricf (N,N) + |σ|2 ∈ L1(Σ, daf ) and II(N,N) ∈ L1(∂Σ, dlf ).
The proof of this proposition can be derived as in the Euclidean case [41, Prop. 4.2] by means
of an approximation argument that employs a sequence {ϕk}k∈N satisfying (2.5).
Next, we show some geometric and topological properties of stable sets that come immediately
from Proposition 2.7 (i) by inserting constant functions in the weighted index form.
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Corollary 2.8. Suppose that ∂M is locally convex and the weight f satisfies Ricf > 0. If E is a
weighted stable set of finite weighted perimeter and Σ is weighted parabolic, then Σ is connected,
or Σ is a totally geodesic hypersurface with Ricf (N,N) = 0 on Σ and II(N,N) = 0 along ∂Σ.
As a consequence, we infer the connectivity of Σ when Ricf > 0. In the more general case
Ricf > 0 the hypersurface Σ need not be connected.
Example 2.9. Consider a Riemannian cylinder Ω × R with product weight f(x, t) := eh(x) such
that ∂Ω is locally convex and RicΩ > 0. Then, according to Lemma 2.3 (ii) and the computations
in Example 2.6, any set E for which the interior boundary is the union of finitely many horizontal
slices is weighted stable.
We finish this section with a criterion for weighted stability under our convexity assumptions.
Example 2.10. Suppose that ∂M is locally convex and Ricf > c > 0. Consider a weighted
stationary set E in M such that Σ0 = ∅ and Σ is a connected totally geodesic hypersurface with
Ricf (N,N) = c on Σ and II(N,N) = 0 along ∂Σ. If c = 0, then E is weighted stable by Lemma 2.3
(ii) and equation (2.7). Suppose that c > 0 and (M, g) has non-positive sectional curvature with
respect to any plane containing the normal N and a tangent direction to Σ. In this situation, the
restriction of f to Σ provides a weight with Bakry-E´mery-Ricci curvature RicΣf > c. Moreover
∂Σ is locally convex since ∂M is locally convex and Σ meets ∂M orthogonally along ∂Σ. Both
conditions imply the estimate λf (Σ) > c, see for instance [27, Sect. 2.3] and the references therein.
From Example 2.4 we conclude that E is weighted stable.
3. Main stability result
In this section we establish rigidity properties for stable sets in some weighted manifolds with
locally convex boundary. This is done in Theorem 3.3, which extends to a more general setting the
stability result in [41, Thm. 4.6] for Euclidean half-spaces or slabs endowed with certain perturba-
tions of the Gaussian weight. For the proof we will use the inequality in Proposition 2.7 (ii) with
a suitable function u. Motivated by the Euclidean situation, where we employed the test function
u := α+
〈
η,N
〉
for some α ∈ R and η tangent to the boundary hyperplanes, in the present proof
we will replace the constant vector η with a unit parallel vector field X tangent to ∂M .
Recall that a vector field X on a Riemannian manifold (M, g) is parallel if ∇UX = 0 for any
vector field U . Here∇ stands for the Levi-Civita connection in (M, g). It is clear that the Riemann-
ian length |X | of a parallel vector field X is constant on M . Thus, the existence of non-vanishing
parallel vector fields is equivalent to the existence of unit parallel vector fields.
The next lemma gathers some computations involving parallel vector fields that will be useful
in the proof of Theorem 3.3.
Lemma 3.1. Let (M, g, f) be a weighted manifold of dimension n+1. Suppose that X is a parallel
vector field on M which is tangent to ∂M and has one-parameter flow {φs}s∈(−ε,ε) for some ε > 0.
For a hypersurface Σ ⊂M with smooth unit normal N we define the function ϕ :=
〈
X,N
〉
.
(i) If Σ has constant weighted mean curvature, then
Lf (ϕ) = Ricf (X,N),
where Lf is the weighted Jacobi operator defined in (2.10) and Ricf is the Bakry-E´mery-
Ricci tensor in (2.3).
(ii) If Σ has boundary ∂Σ = Σ ∩ ∂M and meets ∂M orthogonally, then
∂ϕ
∂ν
= −II(N,N)ϕ,
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where ν is the conormal vector along ∂Σ and II is the second fundamental form of ∂M
with respect to the inner unit normal.
Proof. Since a parallel vector field is a Killing vector field [16, p. 82], the diffeomorphism φs is
an isometry of (M, g) for any s ∈ (−ε, ε). Let Σs := φs(Σ) and take the vector field N , whose
restriction to Σs is the unit normal Ns defined by equality Ns(φs(p)) := (dφs)p(N(p)) for any
p ∈ Σ. It follows that [X,N ] = 0 along Σ, see [16, Prop. 5.4 in p. 28]. Denote by (Hf )s the
weighted mean curvature of Σs with respect to Ns. Since the Riemannian mean curvature Hs is
preserved under isometries, we obtain by equation (2.6) that
(Hf )s(φs(p)) =
(
nHs −
〈
∇ψ,Ns
〉)
(φs(p)) = nH(p)−
〈
∇ψ,Ns
〉
(φs(p)),
for any p ∈ Σ. Hence, the formula in (2.11) and the definition of Ricf in (2.3) imply that
Lf (ϕ) =
d
ds
∣∣∣∣
s=0
(
(Hf )s ◦ φs
)
= −(∇2ψ)(X,N)−
〈
∇ψ,∇XN
〉
= Ricf (X,N)− Ric(X,N)−
〈
∇ψ,∇NX
〉
= Ricf (X,N),
where we have used that Ric(X,Y ) = 0 and ∇YX = 0 for any vector field Y because X is parallel.
Now we prove (ii). Denote by η the inner unit normal on ∂M . Since the hypersurface Σ meets
∂M orthogonally along ∂Σ, then
〈
η,N
〉
= 0 and η coincides with the conormal vector ν along ∂Σ.
Thus, for any vector w tangent to ∂Σ, we infer that
〈
∇wη,N
〉
+
〈
η,∇wN
〉
= 0. As a consequence
0 = II(w,N) + σ(w, ν) = II(N,w) + σ(ν, w) = −
〈
∇Nη +∇νN,w
〉
.
This shows that ∇Nη+∇νN = a ν + bN along ∂Σ, where b = −II(N,N). Since X is parallel and
tangent to ∂M , we deduce
∂ϕ
∂ν
=
〈
∇νX,N
〉
+
〈
X,∇νN
〉
=
〈
X, a ν
〉
−
〈
X,∇Nη
〉
− II(N,N)ϕ
=
〈
∇NX, η
〉
− II(N,N)ϕ = −II(N,N)ϕ,
which completes the proof. 
Remark 3.2. From the equality in Lemma 3.1 (i), if there is c ∈ R such that Ricf (X,Y ) = c
〈
X,Y
〉
for any vector field Y , then Lf (ϕ) = c ϕ, and so ϕ is an eigenfunction for the weighted Jacobi
operator. This holds in particular for gradient Ricci solitons, as was observed by Cheng, Mejia
and Zhou [14, Cor. 4], see also [1, Prop. 1], after previous work of Colding and Minicozzi for the
Gaussian solitons [15, Lem. 5.5], see also [33, Lem. 5.1].
Now, we are ready to prove the main result of this section.
Theorem 3.3. Let (M, g, f) be an (n + 1)-dimensional weighted manifold, possibly with locally
convex boundary. Suppose that X is a unit parallel vector field on M which is tangent to ∂M and
has one-parameter flow {φs}s∈(−ε,ε) for some ε > 0. Suppose also that there is c > 0 such that
Ricf (X,Y ) = c
〈
X,Y
〉
, for any vector field Y,
Ricf (Y, Y ) > c |Y |
2, for any vector field Y ⊥ X.
Consider an open set of finite weighted perimeter E ⊂M such that ∂E ∩ int(M) = Σ ∪Σ0, where
Σ is a smooth hypersurface with boundary ∂Σ = Σ ∩ ∂M , and Σ0 is a closed singular set with
Af (Σ0) = 0. If E is weighted stable and Σ is weighted parabolic, then either X is tangent to Σ, or
Σ is totally geodesic with Ricf (N,N) = c on Σ and II(N,N) = 0 along ∂Σ.
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Proof. From Lemma 2.3 (i) we get that Σ has constant weighted mean curvature and meets ∂M or-
thogonally along ∂Σ. Note that Af (Σ) <∞ since E has finite weighted perimeter and Af (Σ0) = 0.
Take a unit vector field Z on M . Write Z = ρX + Y , where ρ :=
〈
X,Z
〉
and Y ⊥ X . It is clear
that ρ2 + |Y |2 = 1. Thus, our first hypothesis about Ricf gives us
Ricf (Z,Z) = ρ
2Ricf (X,X) + Ricf (Y, Y ) + 2ρRicf (X,Y ) = c ρ
2 +Ricf (Y, Y )
= c+Ricf (Y, Y )− c |Y |
2.
(3.1)
Our second hypothesis on Ricf yields Ricf > c. From Corollary 2.8 we deduce that Σ is connected.
Consider the function ϕ :=
〈
X,N
〉
on Σ. Since |ϕ| 6 1 on Σ and Af (Σ) < ∞, then
ϕ ∈ L1(Σ, daf ). We define the test function u := α+ ϕ, where α := −Af(Σ)−1
∫
Σ ϕdaf . This is a
bounded smooth function on Σ with
∫
Σ u daf = 0. Now we check that u satisfies the integrability
hypotheses in Proposition 2.7 (ii). From the fact that X is parallel, we obtain
(∇Σu)(p) = (∇Σϕ)(p) = −
n∑
i=1
ki(p)
〈
X(p), ei
〉
ei,
where ei is a principal direction of Σ at p with associated principal curvature ki(p). Hence
|∇Σu|
2
6 |σ|2 6 Ricf (N,N) + |σ|
2,
which is an integrable function with respect to daf by Proposition 2.7. From this we infer that
u ∈ H1(Σ, daf ). On the other hand, the weighted Jacobi operator of Σ satisfies the equality
Lf (ϕ) = Ricf (X,N) = c ϕ
by Lemma 3.1 (i) and the first hypothesis about Ricf . Thus, we have
∆Σ,f u = ∆Σ,f ϕ = c ϕ− (Ricf (N,N) + |σ|
2)ϕ,
and so ∆Σ,fu ∈ L1(Σ, daf ). As to the boundary term, the equality in Lemma 3.1 (ii) gives us
(3.2)
∂u
∂ν
=
∂ϕ
∂ν
= −II(N,N)ϕ,
and we deduce that ∂u/∂ν ∈ L1(∂Σ, dlf ) from the conclusion II(N,N) ∈ L1(∂Σ, dlf ) in the state-
ment of Proposition 2.7.
At this point, the weighted stability of E implies by Proposition 2.7 (ii) that Qf (u, u) > 0. Next,
we shall compute the different terms in Qf(u, u). Denote Y := N − ϕX . By equality (3.1) we get
Ricf (N,N) = c+Ricf (Y, Y )− c |Y |2 on Σ. We also know that Lf (ϕ) = c ϕ. As a consequence∫
Σ
uLf (u) daf =
∫
Σ
(α+ ϕ)Lf (α+ ϕ) daf
=
∫
Σ
(α+ ϕ)
{
α
(
c+Ricf (Y, Y )− c |Y |
2 + |σ|2
)
+ c ϕ
}
daf
=
∫
Σ
(α+ ϕ)
{
α
(
Ricf (Y, Y )− c |Y |
2 + |σ|2
)
+ c ϕ
}
daf ,
(3.3)
where in the last equality we have used that
∫
Σ u daf = 0. By taking into account equations (2.12)
and (3.2), we obtain∫
Σ
c ϕ daf =
∫
Σ
Lf (ϕ) daf =
∫
Σ
ϕLf (1) daf −
∫
∂Σ
∂ϕ
∂ν
dlf
=
∫
Σ
ϕ
(
c+Ricf (Y, Y )− c |Y |
2 + |σ|2
)
daf +
∫
∂Σ
II(N,N)ϕdlf ,
so that ∫
Σ
ϕ
(
Ricf (Y, Y )− c |Y |
2 + |σ|2
)
daf = −
∫
∂Σ
II(N,N)ϕdlf .
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Plugging this into (3.3), and having in mind that α = −Af (Σ)−1
∫
Σ ϕdaf , it follows that∫
Σ
uLf(u) daf = α
2
∫
Σ
(
Ricf (Y, Y )− c |Y |
2 + |σ|2
)
daf
+ c
[∫
Σ
ϕ2 daf −
1
Af (Σ)
(∫
Σ
ϕdaf
)2]
− α
∫
∂Σ
II(N,N)ϕdlf .
(3.4)
On the other hand, equation (3.2) yields∫
∂Σ
u
{
∂u
∂ν
+ II(N,N)u
}
dlf = α
∫
∂Σ
II(N,N)u dlf .(3.5)
Therefore, equalities (3.4) and (3.5) together with the stability inequality, lead to
0 6 Qf (u, u) =− α
2
∫
Σ
(
Ricf (Y, Y )− c |Y |
2 + |σ|2
)
daf
− c
[∫
Σ
ϕ2 daf −
1
Af (Σ)
(∫
Σ
ϕdaf
)2]
− α2
∫
∂Σ
II(N,N) dlf 6 0,
(3.6)
where we have used that Ricf (Y, Y ) > c |Y |2, the Cauchy-Schwarz inequality in L2(Σ, daf ) and the
local convexity of ∂M . Hence, the three terms at the right hand side of (3.6) vanish. In particular
ϕ(p) = −α for any p ∈ Σ. If α = 0, then X is tangent to Σ. Otherwise we get |σ|2 = 0 (i.e. Σ
is totally geodesic), II(N,N) = 0 along ∂Σ and Ricf (Y, Y ) = c |Y |
2, which by (3.1) implies that
Ricf (N,N) = c on Σ. This completes the proof. 
Remarks 3.4. (i). By assuming that c = 0 (instead of c > 0) and that Σ is disconnected or sat-
isfies
∫
Σ
〈
X,N
〉
daf 6= 0, we conclude that Σ is totally geodesic with Ricf (N,N) = II(N,N) = 0.
When Σ is disconnected it suffices to apply Corollary 2.8. Otherwise the proof goes as in the case
c > 0 with the only difference that the second summand in equation (3.6) vanishes.
(ii). For a given stable set E with ∂Σ 6= ∅, the theorem is true by assuming the local convexity
condition and the tangency property of X only in a neighborhood of ∂Σ in ∂M .
(iii). From Theorem 2.1 the singular set Σ0 in the interior boundary of a weighted minimizer
consists of points where |σ|2 blows up. For a weighted stable set E with a singular set Σ0 of this
type the conclusion that Σ is totally geodesic implies Σ0 = ∅ and Σ = ∂E ∩ int(M). On the other
hand, from the fact that X is tangent to Σ it follows that Σ carries a unit vector field which is
parallel with respect to the induced metric. As we see “below” this entails some restrictions on
the topology and geometry of Σ.
(iv). By reasoning as in [41, Lem. 4.5] we can give a geometric interpretation of the test function
u := α+
〈
X,N
〉
. For a bounded set E with smooth interior boundary, this function is associated
with a volume-preserving variation obtained by combining the one-parameter flow of X with the
one-parameter flow of a vector field N on M , which is tangent to ∂M , and satisfies N = N on Σ.
(v). Recall that a hypersurface Σ immersed in M is f -stable if it is a second order minimum of
the interior weighted area under variations preserving the weighted volume, see for instance [13,
Sect. 3]. It is straightforward to check that the rigidity properties in Theorem 3.3 are also valid for
any orientable, weighted parabolic and f -stable hypersurface Σ with Af (Σ) <∞. In the particular
case ∂Σ = ∅, this generalizes previous results of McGonagle and Ross [33, Cor. 4.8] in Gauss space,
and of Alencar and Rocha [1, Thm. 2] for arbitrary shrinkers.
In order to show the scope of Theorem 3.3 we analyze the different hypotheses in the statement
and list some interesting situations where the result applies.
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1. Manifolds with parallel vector fields. If X is a unit parallel vector field on a Riemannian
manifold (M, g), then the sectional curvature vanishes for any tangent plane containing X . Hence,
we have the curvature condition Ric(X,Y ) = 0 for any vector field Y and so, the hypothesis
Ricf (X,Y ) = c
〈
X,Y
〉
is equivalent to that (∇2ψ)(X,Y ) = −c
〈
X,Y
〉
for any Y . Other geomet-
ric and topological restrictions are found in two papers of Welsh, see [44, Thms. 1 and 3], [45,
Prop. 2.1] and the references therein. As a consequence, a complete Riemannian manifold admits
a unit parallel vector field if and only if it is isometric to a quotient (Ω× R)/G, where Ω× R is a
Riemannian cylinder and G is a subgroup of Iso(Ω)×R such that the projection G→ R is injective
and the orbits of G in Ω× R are discrete sets.
2. Riemannian cylinders. The previous observation leads to consider the simplest example of
a Riemannian cylinder M := Ω × R with its vertical parallel vector field ξ. We know that ∂M is
locally convex if and only if ∂Ω is locally convex. For a product weight f(x, t) := eh(x) ev(t) we
infer from equation (2.4) that
Ricf (ξ, Y ) = −(v
′′ ◦ pi)
〈
ξ, Y
〉
, for any vector field Y,
Ricf (Y, Y ) = Rich(Y∗, Y∗), for any vector field Y ⊥ ξ,
where pi(x, t) := t and Y∗(x, t) ∈ TxΩ is the horizontal projection of Y (x, t). So, the hypotheses
involving Ricf in Theorem 3.3 are equivalent to that the horizontal weight e
h satisfies Rich > c on
Ω, and ev is an affine perturbation of the c -Gaussian soliton in R, i.e., v(t) = −c t2/2− bt− a for
some a, b ∈ R. In Section 4 we will discuss in more detail the classification of stable sets and the
uniqueness of weighted minimizers in this setting.
3. Gradient Ricci solitons. Our assumptions on Ricf are satisfied when (M, g, f) is a shrinker
or a steady soliton (see Remarks 3.4 (i)). By a result of Petersen and Wylie [40, Cor. 2.2], the
existence in a gradient Ricci soliton (M, g, f) of a unit parallel vector field X entails that (M, g)
is isometric to a Riemannian cylinder Ω× R, or
〈
∇ψ,X
〉
= 0 on M . In the second case, we have
(∇2ψ)(X,X) = 0, so that c = Ricf (X,X) = 0. Thus, the shrinkers for which Theorem 3.3 holds
are Riemannian cylinders Ω × R with a product weight f(x, t) := eh(x) ev(t) such that Ω is a c -
gradient soliton with respect to eh, and ev is an affine perturbation of the c -Gaussian soliton. The
case of steady solitons is less rigid, as there are examples not isometric to a Riemannian cylinder
(like unweighted compact Ricci-flat manifolds having a unit parallel vector field).
4. Horizontal perturbations. The hypothesis Ricf (Y, Y ) > c |Y |2 for any vector field Y ⊥ X
allows to apply Theorem 3.3 for more general weighted manifolds than the gradient Ricci soli-
tons described above. A related situation appears when we consider the Riemannian cylinder
M := Ω×R with a product weight f(x, t) := eµ(x)+ω(x) e−ct
2/2, where eµ is a weight with Ricµ = c
on Ω and ω is any smooth concave function on Ω.
5. Integral condition. When c = 0 and Σ is connected we need that
∫
Σ
〈
X,N
〉
daf 6= 0 to
deduce the rigidity properties of stable sets. Note that, for a bounded set E with smooth interior
boundary Σ, the divergence theorem and equation (2.1) lead to
(3.7)
∫
Σ
〈
X,N
〉
daf = −
∫
E
divf X dvf = −
∫
E
〈
∇ψ,X
〉
dvf ,
because X is parallel and tangent to ∂M . This guarantees that
∫
Σ
〈
X,N
〉
daf 6= 0 if the term〈
∇ψ,X
〉
never vanishes onM . On the contrary, in the unweighted case we have
∫
Σ
〈
X,N
〉
da = 0.
In Section 4.3 we will analyze this condition and its consequences for weighted cylinders.
4. Stability and isoperimetry in weighted cylinders
In this section we consider Riemannian cylinders with locally convex boundary and a weight f
such that Ricf > c > 0. In Section 4.1 we provide conditions that allow to classify stable sets and
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to deduce that the horizontal half-spaces are the only minimizers. In Section 4.2 we show some
situations where our results apply. Finally, in Section 4.3 we briefly discuss the case c = 0.
4.1. Uniqueness results.
We begin with a statement that improves Theorem 3.3 by showing that the rigidity properties
for a weighted stable set still hold when ξ is tangent to the regular part of its interior boundary.
Theorem 4.1. Let (M, g, f) be a weighted cylinder with base space Ω, possibly with locally convex
boundary, and weight of the form
f(x, t) := eh(x) ev(t),
where the function h ∈ C∞(Ω) satisfies Rich > c > 0, and ev is an affine perturbation of the
c-Gaussian soliton on R. Consider an open set of finite weighted perimeter E ⊂ M such that
∂E ∩ int(M) = Σ∪Σ0, where Σ is a smooth hypersurface with boundary ∂Σ = Σ∩ ∂M , and Σ0 is
a closed singular set with Af (Σ0) = 0. If E is weighted stable and Σ is weighted parabolic, then Σ
is a connected totally geodesic hypersurface with Ricf (N,N) = c on Σ and II(N,N) = 0 along ∂Σ.
Proof. The connectivity of Σ comes from Corollary 2.8. By Theorem 3.3 it is enough to see that, if
Σ is a vertical hypersurface, then Σ is totally geodesic with Ricf (N,N) = c on Σ and II(N,N) = 0
along ∂Σ. The fact that Σ is vertical implies that it is foliated by integral curves of ξ, i.e., by verti-
cal segments. Since a point in Σ0 cannot appear along these segments we get Σ = Σ∗×R for some
smooth hypersurface Σ∗ in Ω with ∂Σ∗ = Σ∗ ∩ ∂Ω. The weighted area Ah(Σ∗) of Σ∗ with respect
to eh is finite because it coincides, up to a multiplicative constant, with Af (Σ) = Pf (E) <∞.
Let u : Σ → R be a function defined by u(x, t) := ψ(t), where ψ ∈ C∞0 (R) with ψ 6= 0
and
∫
R
ψ dlv = 0. Here dlv is the weighted length measure in R for the weight e
v. By having
in mind the stability inequality in Proposition 2.7 (i), Fubini’s theorem, and that the functions
q1 := Ricf (N,N)+ |σ|2 and q2 := II(N,N) only depend on the horizontal component of the points
in Σ and ∂Σ, we obtain
0 6 If (u, u) = Ah(Σ∗)
∫
R
(ψ′)2 dlv −
(∫
Σ∗
q1 dah +
∫
∂Σ∗
q2 dlh
)∫
R
ψ2 dlv,
where dah and dlh denote the corresponding horizontal weighted measures in Ω. It follows that∫
R
(ψ′)2 dlv∫
R
ψ2 dlv
>
∫
Σ∗
q1 dah +
∫
∂Σ∗
q2 dlh
Ah(Σ∗)
> c,
where we have used that Ricf (N,N) > c on Σ, |σ|
2 > 0 on Σ and II(N,N) > 0 along ∂Σ. The
proof finishes by taking into account that the Poincare´ constant defined in (2.8) of R with respect
to the weight ev equals c, see for instance Ledoux [28, Sect. 2.1]. 
Under the conditions of Theorem 4.1 any horizontal half-space is a weighted stable set, see
Example 2.10 or Example 2.6. In general, other weighted stable sets can appear. For instance, if
M is a Euclidean half-space or slab in a c -Gaussian soliton with c > 0, then the intersection with
M of any Euclidean half-space with boundary perpendicular o parallel to ∂M is weighted stable.
The latter case shows an example where ∂Σ = ∅ even though ∂M 6= ∅.
In the next result we provide geometric and analytic conditions on the base manifold Ω and the
weight eh ensuring that the horizontal half-spaces are the only weighted stable sets.
Corollary 4.2. Let (M, g, f) be a weighted cylinder with base space Ω, possibly with locally convex
boundary, and weight of the form
f(x, t) := eh(x) ev(t),
where the function h ∈ C∞(Ω) satisfies Rich > c > 0, and ev is an affine perturbation of the
c-Gaussian soliton on R. Consider an open set of finite weighted perimeter E ⊂ M such that
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∂E ∩ int(M) = Σ∪Σ0, where Σ is a smooth hypersurface with boundary ∂Σ = Σ∩ ∂M , and Σ0 is
a closed singular set with Af (Σ0) = 0. Suppose that E is weighted stable, Σ is weighted parabolic,
and some of the following conditions hold:
(i) Rich > c, or
(ii) ∂Ω is locally strictly convex and ∂Σ 6= ∅.
Then, E is a horizontal half-space.
Proof. We know by Theorem 4.1 that Σ is a connected totally geodesic hypersurface satisfying
Ricf (N,N) = c on Σ and II(N,N) = 0 along ∂Σ. We write N = Y +ϕ ξ, where ϕ :=
〈
ξ,N
〉
. Note
that ϕ is constant on Σ because Σ is totally geodesic and ξ is a parallel vector field.
The hypothesis Rich > c means that (Rich)x(w∗, w∗) > c |w|2 for any x ∈ Ω and w∗ ∈ TxΩ with
w∗ 6= 0. By taking Z = N in equation (3.1) we get Ricf (Y, Y ) = c |Y |2. From equation (2.4) we
deduce Rich(Y∗, Y∗) = c |Y∗|
2. Hence Y∗ = Y = 0, so that N = ξ or N = −ξ on Σ. Then, the
differential of the projection pi : Σ→ R given by pi(x, t) := t vanishes everywhere. Thus, there is a
horizontal slice Ωt := Ω× {t} such that Σ ⊆ Ωt. Since Ωt is a closed hypersurface in M it follows
that Σ ⊆ Ωt. This entails Σ0 ∩Σ = ∅ and Σ = Ωt, so that E is a horizontal half-space.
Suppose now that ∂Ω is locally strictly convex and ∂Σ 6= ∅. From the orthogonality con-
dition between Σ and ∂M we have that Y is tangent to ∂M along Σ. Then, the equality
0 = II(N,N) = II(Y, Y ) leads to Y = 0, and so N = ±ξ along ∂Σ. Since ϕ is constant on Σ
we conclude that N = ξ or N = −ξ on Σ. From here we finish as in the previous case. 
As we noticed in the previous proof, the fact that Σ is totally geodesic entails that
〈
ξ,N
〉
= θ
on Σ for some θ ∈ [−1, 1]. The case θ2 = 1 implies that Σ is a horizontal slice whereas θ = 0 means
that Σ is vertical. Half-spaces orthogonal to a Gaussian slab provide examples where 0 < θ2 < 1.
The next characterization result shows a situation where the case 0 < θ2 < 1 is not possible.
Corollary 4.3. Let Ω be a Riemannian manifold, possibly with locally convex boundary, and sat-
isfying RicΩ > c > 0. Consider the Riemannian cylinder M := Ω × R with a vertical weight
f(x, t) := ev(t) that is an affine perturbation of the c-Gaussian soliton on R. Take an open set
of finite weighted perimeter E ⊂ M such that ∂E ∩ int(M) = Σ ∪ Σ0, where Σ is a smooth hy-
persurface with boundary ∂Σ = Σ ∩ ∂M , and Σ0 is a closed singular set with Af (Σ0) = 0. If
E is weighted stable and Σ is weighted parabolic then, either E is a horizontal half-space, or Σ
is a vertical, connected, totally geodesic hypersurface in M such that Ricf (N,N) = c on Σ and
II(N,N) = 0 along ∂Σ.
Proof. From Theorem 4.1 we know that Σ is a connected totally geodesic hypersurface in M with
Ricf (N,N) = c on Σ and II(N,N) = 0 along ∂Σ. By Lemma 2.3 (i) the weighted mean curvature
Hf is constant on Σ. From equation (2.6) and the fact that ∇ψ = −(c pi + b) ξ on M for some
b ∈ R, we obtain Hf = (c pi + b)ϕ on Σ, where ϕ :=
〈
ξ,N
〉
is a constant function with |ϕ| 6 1. If
we have ϕ 6= 0, then Σ is contained in a horizontal slice Ωt and we conclude that E is a horizontal
half-space. If ϕ = 0, then ξ is tangent to Σ. This completes the proof. 
Now, we turn to the analysis of weighted isoperimetric regions. Let (M, g, f) be a weighted
cylinder in the hypotheses of Theorem 4.1. By a result of Morgan [37, Cor. 4] the fact that
Rich > c > 0 entails Vh(Ω) <∞ and so, any horizontal slice Ωt := Ω×{t} has finite weighted area.
Our aim is to seek conditions ensuring that the regions bounded by these slices uniquely minimize
the weighted perimeter for fixed weighed volume.
The isoperimetric property of horizontal half-spaces can be proved in several ways, see for
instance Theorem A.1. In general, we can find weighted isoperimetric regions different from hori-
zontal half-spaces. Indeed, if a weighted manifold admits several structures of weighted cylinder in
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the conditions of Theorem 4.1, then any “horizontal half-space” associated to one of these struc-
tures is a minimizer. This happens for instance in a Gaussian slab, where all half-spaces meeting
the boundary orthogonally minimize.
In the next corollary we deduce from the stability condition rigidity properties of arbitrary min-
imizers and uniqueness results. A different proof mainly based on the second variation formula is
given in Theorem A.1.
Corollary 4.4. Let (M, g, f) be a weighted cylinder with base space Ω, possibly with locally convex
boundary, and weight of the form
f(x, t) := eh(x) ev(t),
where eh is a smooth bounded function on Ω with Rich > c > 0, and e
v is an affine perturbation
of the c-Gaussian soliton on R. If E is a weighted minimizer with regular and singular parts of
its interior boundary denoted by Σ and Σ0, respectively, then Σ is a connected totally geodesic
hypersurface, Σ0 = ∅, Ricf (N,N) = c on Σ and II(N,N) = 0 along ∂Σ. Moreover, if some of the
following conditions hold:
(i) Rich > c, or
(ii) ∂Ω is locally strictly convex and ∂Σ 6= ∅,
then E is a horizontal half-space, up to a set of volume zero.
Proof. Let E be a weighted isoperimetric region. From Theorems 2.1 and 2.2 we know that E
is a stable set of finite weighted perimeter, Σ is a weighted parabolic hypersurface possibly with
boundary ∂Σ = Σ ∩ ∂M , and Af (Σ0) = 0. Hence, we can employ Theorem 4.1 and Corollary 4.2
to infer the claim. The conclusion Σ0 = ∅ comes from Theorem 2.1 since Σ is totally geodesic. 
4.2. Examples.
We now discuss interesting situations where our results are applied. In some of the cases
where different stable candidates appear we will employ comparison arguments to characterize the
weighted isoperimetric regions.
Example 4.5 (Cylindrical shrinkers). Consider a Riemannian cylinder P × R over a complete
manifold P with ∂P = ∅. At the end of Section 2.1 we pointed out that a weight f on P × R
produces a shrinker with Ricf = c if and only if f(x, t) = e
h(x) ev(t), where Rich = c and e
v is an
affine perturbation of the c -Gaussian soliton on R. When P is noncompact it was proved by Cao
and Zhou [12, Thm. 1.1] that there is a point x0 ∈ P and constants α, β > 0 such that
h(x) 6 −α (d(x) − β)2, for any x ∈ P,
where d(x) is the distance function in P from x0. This implies that e
h is bounded. Our results
provide rigidity of weighted stable sets and minimizers in any cylinder M := Ω×R, where Ω ⊆ P
has locally convex boundary. Moreover, if ∂Ω is locally strictly convex, then any weighted stable
set E with ∂Σ 6= ∅ is a horizontal half-space.
Example 4.6 (Cylinders with Gaussian vertical weights). Let Ω be a complete manifold such
that ∂Ω = ∅ and RicΩ > c > 0. Consider the Riemannian cylinder M := Ω × R with weight
f(x, t) := e−ct
2/2. A weighted stable set as in Corollary 4.3 must be a horizontal half-space, or the
regular part of its interior boundary is a vertical, connected, totally geodesic hypersurface in M .
Let us see that only the horizontal half-spaces minimize.
Let E be a weighted isoperimetric region. From Corollary 4.4 and the classification of weighted
stable sets above, either E is a horizontal half-space (up to a set of volume zero), or the interior
boundary Σ equals Σ∗ ×R for some connected and totally geodesic hypersurface Σ∗ ⊂ Ω. Since Ω
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is a compact manifold (because RicΩ > c > 0) and Σ∗ is a closed subset in Ω then Σ∗ is compact.
To prove our claim it suffices to check that
Af (Σ∗ × R) > Af (Ωt),
where Ωt := Ω× {t} is any horizontal slice and Σ∗ is any compact and connected minimal hyper-
surface in Ω. This inequality is equivalent to
A(Σ∗) >
√
c
2pi
V (Ω) e−ct
2/2,
where A(Σ∗) and V (Ω) denote the Riemannian area and volume of Σ∗ and Ω, respectively. Thanks
to an estimate of Maeda [31, Thm. C] we obtain
A(Σ∗) >
V (Ω)
2
(∫ d(Ω)
0
e−ct
2/2 dt
)−1
,
where d(Ω) stands for the Riemannian diameter of Ω. From here the desired comparison follows
by using that
∫∞
0 e
−ct2/2 dt =
√
pi/(2c) and e−ct
2/2 6 1.
A remarkable case of this example occurs when Ω is an Einstein manifold of positive Ricci
curvature, like the sphere Sn, the real projective space Pn or a lens space.
Example 4.7 (Horizontal perturbations). Let M := Ω × R be a Riemannian cylinder with lo-
cally convex boundary, and suppose that M is a shrinker with respect to a weight eµ(x) ev(t).
For a smooth concave function ω on Ω, we define a horizontal perturbation of the shrinker by
f(x, t) := eµ(x)+ω(x) ev(t). By concavity, this new weight satisfies Rich > Ricµ = c, and so our
results hold in this setting. Furthermore, if ω is strictly concave then Rich > c, which entails
uniqueness of horizontal half-spaces as weighted stable sets and weighted minimizers.
Example 4.8 (Euclidean weighted cylinders). Let Ω ⊆ Rn be the closure of a smooth convex do-
main. Consider the Euclidean solid cylinderM := Ω×R with a product weight f(x, t) := eh(x) ev(t)
such that Rich > c > 0 and e
v is an affine perturbation of the c -Gaussian soliton. By equation (2.3)
and [37, Cor. 4] the function eh is log-concave and Vh(Ω) < ∞. Thus, we can reason as in [2,
Lem. 10.6.1] to infer that eh is bounded on Ω.
For a weighted stable set E in the conditions of Theorem 4.1 the interior boundary is a closed,
connected, totally geodesic hypersurface Σ in Rn+1 with Ricf (N,N) = c. From here we get that
E is the intersection with M of a Euclidean half-space. Moreover, if ∂Σ 6= ∅, then Σ meets ∂M
orthogonally and II(N,N) = 0 along ∂Σ. The converse is true by Example 2.10: if a half-space
E intersected with M is weighted stationary and satisfies Ricf (N,N) = c on Σ and II(N,N) = 0
along ∂Σ, then it is weighted stable.
If we further assume that Rich > c, then Corollaries 4.2 and 4.4 yield that the horizontal half-
spaces are the unique weighted stable and isoperimetric regions. If we suppose that Ω is strictly
convex, then a hyperplane cannot be entirely contained in int(M). As a consequence ∂Σ 6= ∅ and
we deduce again that any weighted stable set and any weighted minimizer is a horizontal half-space.
Indeed, the only cases where int(M) contains an entire hyperplane is when M is a half-space
or slab. In these situations the weighted stable sets are determined by half-spaces in Rn+1 with
boundary orthogonal or parallel to ∂M . Next, we will show that the latter ones cannot be weighted
isoperimetric regions. For this, we take a slab E whose interior boundary Σ is a hyperplane parallel
to ∂M . We denote by Hf the inner weighted mean curvature of Σ. Consider the lower half-space
Mt := M × (−∞, t) such that Vf (Mt) = Vf (E). Suppose that Hf > v
′(t). By applying the
Heintze-Karcher inequality with weights, see Morgan [37, Thm. 2], we obtain
Vf (E)
Af (Σ)
6
∫ r
0
e−Hf s−cs
2/2 ds <
∫ ∞
0
e−v
′(t) s−cs2/2 ds =
Vf (Mt)
Af (Ωt)
,
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where r := dist(Σ, ∂M) and the last equality comes from a direct computation. This yields
Af (Ωt) < Af (Σ), so that Mt is isoperimetrically better than E. In case of inequality Hf 6 v
′(t)
we employ the same argument withM−E andM−M t to obtain the comparison Af (Ωt) 6 Af (Σ)
with strict inequality unless Hf = v
′(t).
Example 4.9 (Gaussian-type weights). An interesting case of the previous example arises when
M := Ω × R is a convex cylinder of Rn+1 endowed with a Gaussian weight γc(p) := e−c|p|
2/2,
c > 0, or with a horizontal perturbation of the form f(x, t) := γc(x, t) e
ω(x), where ω is any smooth
concave function on Ω. Our results extend previous ones of the author [41, Thms. 4.6 and 5.3] for
half-spaces and slabs with one-dimensional log-concave perturbations of γc. In particular, when
ω(x1, . . . , xn) =
∑n
i=1 ωi(xi) for some C
2 concave functions ωi, the partitioning problem in Ω×R
where Ω :=
∏n
i=1(ai, bi) and −∞ 6 ai < bi 6 +∞ for any i = 1, . . . , n was studied by Brock,
Chiacchio and Mercaldo [10, Cor. 4.1].
4.3. The case c = 0.
Here we consider a weighted cylinder (M, g, f) with base space Ω, possibly with locally convex
boundary, and weight f(x, t) := eh(x) ev(t), where h ∈ C∞(Ω) satisfies Rich > 0 and v(t) is an affine
function. This situation is very different from the one studied in Section 4.1. Note for instance that
the horizontal half-spaces need not be weighted minimizers; indeed they can have infinite volume
or perimeter. The existence of weighted isoperimetric regions is neither guaranteed in this case.
Let E be a weighted stable set and denote by Σ the regular part of its interior boundary. If
we suppose that Σ is disconnected or verifies the integral condition
∫
Σ
〈
ξ,N
〉
daf 6= 0, then we
deduce from Remarks 3.4 (i) that Σ is a totally geodesic hypersurface with Ricf (N,N) = 0 on Σ
and II(N,N) = 0 along ∂Σ. This is an extension of Theorem 4.1 to the present setting.
As to the previous integral condition, if we proceed as in equation (3.7) then we obtain∫
Σ
〈
ξ,N
〉
daf = −
∫
E
〈
∇ψ, ξ
〉
dvf = −
∫
E
(v′ ◦ pi) dvf ,
for any bounded set E with smooth interior boundary Σ. Hence, this integral vanishes if and only
if v′ = 0 (as happens in the unweighted case). By this reason we will focus in the case v′ 6= 0.
In relation to our uniqueness results, if we further assume that Rich > 0, or that ∂Ω is locally
strictly convex and ∂Σ 6= ∅, then we can reason as in Corollary 4.2 to conclude that any connected
component of Σ is a horizontal slice. Since v′ 6= 0, the fact that Hf is constant on Σ implies
by the computations in Example 2.6 that Σ is connected and E is a horizontal half-space. As
in Corollary 4.4 we get that any weighted minimizer is a horizontal half-space when Vh(Ω) < ∞.
Since Vf (E) <∞ the half-space will be a lower one or an upper one depending on the sign of v′.
An interesting consequence is that bounded weighted isoperimetric regions with smooth interior
boundary cannot exist in this setting. By Theorem 2.1 we infer that no bounded minimizers exist
when n 6 6, where n is the dimension of Ω. In particular, this applies for the Euclidean weight
f(x, t) := et, which is relevant since the associated f -minimal hypersurfaces (those with Hf = 0)
are the so-called translating solitons of the mean curvature flow in Rn+1.
Appendix A. Another proof of Corollary 4.4
Our rigidity properties for minimizers in weighted cylinders can be derived without using the
stability condition further than the connectivity result in Corollary 2.8. The argument is mainly
based on the second variation formula and follows the proofs of [6, Eq. (3.41)], [8, Thm. 3.2] and
[38, Cor. 18.10] with suitable modifications. This method also shows the isoperimetric property of
horizontal half-spaces. We include here the details for the sake of completeness.
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Theorem A.1. Let (M, g, f) be a weighted cylinder with base space Ω, possibly with locally convex
boundary, and weight of the form
f(x, t) := eh(x) ev(t),
where eh is a smooth bounded function on Ω with Rich > c > 0, and e
v is an affine perturbation of
the c-Gaussian soliton on R. Then, the horizontal half-spaces are weighted minimizers. Moreover,
if E is any weighted minimizer with regular and singular parts of its interior boundary denoted by
Σ and Σ0 respectively, then Σ is a connected totally geodesic hypersurface, Σ0 = ∅, Ricf (N,N) = c
on Σ and II(N,N) = 0 along ∂Σ.
Proof. From equation (2.4) we get Ricf > c. Since M is complete and c > 0 we deduce that
Vf (M) < ∞ by [37, Cor. 4]. This provides existence of weighted isoperimetric regions of any
given volume, see [38, Ch. 5] and [34, Sect. A.2]. Moreover, the weighted isoperimetric profile
IM,f : (0, Vf (M))→ R
+
0 defined by
(A.1) IM,f (w) := inf{Pf (E) ; E ⊂M is a Borel set with Vf (E) = w}
is a continuous function on [0, Vf (M)] when extended to 0 at the boundary points [34, Lem. 6.9].
Fix w0 ∈ (0, Vf (M)) and take a weighted minimizer E with Vf (E) = w0. By Theorem 2.1
the regular part Σ of ∂E ∩ int(M) is a smooth embedded hypersurface, possibly with boundary
∂Σ = Σ ∩ ∂M . As E is weighted stationary, the weighted mean curvature Hf of Σ with respect
to the unit normal N pointing into E is constant, and Σ meets ∂M orthogonally along ∂Σ, see
Lemma 2.3 (i). Moreover, we can apply Theorem 2.2 to infer that Σ is weighted parabolic. Thus,
there is a sequence {ϕk}k∈N ⊂ C∞0 (Σ) with ϕk 6= 0 and satisfying the properties in (2.5). From
the stability of E and Corollary 2.8 it follows that Σ is connected.
For any k ∈ N we choose a smooth vector field Xk with compact support on M , tangent along
∂M , and such that Xk = ϕkN on Σ. The one-parameter flow {φs}s∈R of Xk produces a variation
Es := φs(E) of E. Let Pk(s) := Pf (Es) and Vk(s) := Vf (Es) be the associated perimeter and
volume functionals. Note that Pf (s) = Af (Σs), where Σs = φs(Σ) for any s ∈ R. From the first
variation formulas for the weighted area and volume in [13, Lem. 3.2, Re. 3.1], we have
(A.2) P ′k(0) = −
∫
Σ
Hf ϕk daf , V
′
k(0) = −
∫
Σ
ϕk daf .
As V ′k(0) < 0 the function Vk is a local diffeomorphism at s = 0. In particular, there is an open in-
terval Jk containing w0 where we can define pk : Jk → R by pk(w) := Pk(V
−1
k (w)). From equation
(A.1) and the fact that E is a weighted isoperimetric region, it is clear that
IM,f (w) 6 pk(w), IM,f (w0) = pk(w0) = Pf (E).
Hence, if we consider the weak second derivative of IM,f at w0 given by
I ′′M,f (w0) := lim sup
h→0+
IM,f (w0 + h) + IM,f (w0 − h)− 2IM,f (w0)
h2
,
then
(A.3) I ′′M,f (w0) 6 p
′′
k(w0), for any k ∈ N,
where p′′k(w0) is the usual second derivative of pk at w0. Let us compute this derivative. On the
one hand, by using (A.2) we get
p′k(w0) =
P ′k(0)
V ′k(0)
= Hf , for any k ∈ N.
On the other hand, from the second variation formula in [13, Prop. 3.5] we obtain
p′′k(w0) =
(Pk −Hf Vk)′′(0)
V ′k(0)
2
=
If (ϕk, ϕk)
(
∫
Σ
ϕk daf )2
, for any k ∈ N,
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where If is the weighted index form in (2.7). So, by taking lim sup in (A.3) when k →∞, having
in mind (2.5) and applying Fatou’s lemma and the dominated convergence theorem, we deduce
I ′′M,f (w0) 6 −
∫
Σ
(
Ricf (N,N) + |σ|2
)
daf +
∫
∂Σ
II(N,N) dlf
Pf (E)2
6
−c
IM,f (w0)
,
where in the last inequality we have employed Ricf (N,N) > c, |σ|2 > 0 and II(N,N) > 0.
At summarizing, we have shown that IM,f satisfies the differential inequality
(A.4) I ′′M,f (w) 6
−c
IM,f (w)
, for any w ∈ (0, Vf (M)).
Moreover, if equality holds for some w0 ∈ (0, Vf (M)) and E is any weighted minimizer with
Vf (E) = w0, then Σ is totally geodesic, Ricf (N,N) = c on Σ and II(N,N) = 0 along ∂Σ. The
fact that |σ|2 = 0 on Σ entails that Σ0 = ∅ by Theorem 2.1.
Now consider the lower horizontal half-space Mt := Ω × (−∞, t), whose interior boundary is
Ωt := Ω× {t}. Since Rich > c > 0 we get Vh(Ω) <∞, so that Ωt has finite weighted area
Af (t) := Af (Ωt) = Vh(Ω) e
v(t).
If we denote Vf (t) := Vf (Mt), then the coarea formula applied with pi(x, t) := t yields
Vf (t) =
∫ t
−∞
Af (s) ds.
From here it is straightforward to check that the associated profile Gf : [0, Vf (M)] → R defined
by Gf (w) := Af (V
−1
f (w)) is a smooth function vanishing at the boundary, and satisfying
(A.5) G′′f (w) =
−c
Gf (w)
, for any w ∈ (0, Vf (M)).
It is clear that IM,f 6 Gf on [0, Vf (M)] with equality at the boundary points. By continuity
the function IM,f −Gf : [0, Vf (M)] → R achieves its minimum at w0 ∈ [0, Vf (M)]. Suppose that
there was w ∈ (0, Vf (M)) with IM,f (w) < Gf (w). In such a case IM,f (w0) < Gf (w0), so that
w0 ∈ (0, Vf (M)) and (IM,f −Gf )′′(w0) > 0. On the other hand, by taking into account (A.4) and
(A.5), we would obtain
(IM,f −Gf )
′′(w0) 6
c
Gf (w0)
−
c
IM,f (w0)
< 0,
a contradiction. This proves that IM,f = Gf and so, any lower horizontal half-space is a weighted
isoperimetric region. From (A.5) we infer that equality holds in (A.4) on (0, Vf (M)). Thus, we
conclude the announced rigidity properties for any weighted minimizer. 
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